Method of Undetermined Coefficients

Problem. Find a particular solution y, of the constant coefficients linear equation
any™ + -+ agy” + a1y’ + aoy = g(x).

We assume that
g(x) = [polynomial] x [exponential] x [sinusoid].

More precisely, we assume that
g(x) = p(x) e** (acos(wx) + bsin(wx)),

where p(z) = co + c17 + cax? + - - - + cppz™

Basic Guess.
e If w =0, so that g(z) = p(z) e**, we look for y, in the form
yp = (Ao + Az + Agz? 4+ -+ + Ajyz™) e
for the undetermined coefficients Ag, A1, Aa, ..., An.
o If w # 0, we look for y, in the form
yp = (Ao + A1z + Agx® 4 -+ - + Apz™)e™ cos(wz) + (By + Bix + Bax? + - - - + Bpa™)e™ sin(w)
for the undetermined coefficients Ag, A1, As, ..., A and By, B, Bo, ..., By,.

We always choose m in both cases above to match the degree of the polynomial p(x). If g(z) does not
include an exponential term, simply set a = 0.

Examples.
g(x) Form of y,
5 A
322 Az? 4+ Bx +C
513 + 21 — 3 Az® + B2x? +Cz + D
3o Ao
(5z + 3)e® (Az + B)e*®
22657 (Az? + Bz + C)eb?
5 cos(2) Acos(2z) + Bsin(2z)
e~ 2%(cos(3x) + 2sin(3x)) e 2% cos(3z) + Be % sin(3x)
622 sin(5z) (Az? + Bz + C) cos(5x) + (Dx? + Ex + F)sin(5z)
ze3® cos(2z) (Az + B)e®® cos(2x) + (Cx + D)e3” sin(2z)
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If g(z) = g1(x) + g2(x) + - - + gr(x), we apply the procedure separately to each g;(x) to produce a
particular solution
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Example. If
g(x) = 2% 4 42e3® + 5 cos(2z),
then the basic form of y, is
yp = Ax® + Bx + C + (Dx + E)e* + F cos(2x) + G'sin(2z) .
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“Bad Case”. If any of the y,, contains terms that duplicate terms in the homogeneous solution y.,
then that y,, must be multiplied by x", where n is the smallest positive integer that eliminates the
duplication.

Example 1. Consider the equation
y" — 6y + 8y = 3e2°.

Since the roots of m? — 6m + 8 = 0 are m = 2 and m = 4, then y. = c1e*® + coe*™ . Since g(x) = 3e®,
the basic form of y, is y, = Ae?®. Since Ae?® duplicates the term c1e?® in y., we have a “bad case”.
We should multiply Ae?* by x and use

Yp = Aze*®,

Example 2. Consider the equation
y// o 63/ +9y = 631.

The only root of m? —6m +9 = 0 is m = 3. Then, y. = c1e3® + coze3®. Since g(x) = 3%, the basic
form of y, is y, = Ae?*. Since Ae3® duplicates the term c1e3® in y., we have a “bad case”. In this case,
we should multiply Ae3® by 22 and use

Yp = Az?ed®

Example 3. Consider the equation
y" 4+ 9y = 5e” + 2sin(3z).

The roots of m? + 9 = 0 are m = £3i. Then, y. = ¢; cos(3x) + casin(3z). Since g(z) = g1(x) + ga(2),
where g1(z) = 5e® and go(x) = 2sin(3z), then y, = yp, + yp,. The basic forms of y,, and y,, are

yp, = Ae® and  yp, = Bcos(3z) + Csin(3x).
Since yp,, duplicates y., we have a “bad case”. We should multiply y,, by x and use
yp = Ae” + Bz cos(3z) + Cx sin(3z).
Observe that we do not multiply y,, by z.
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